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Theore t i ca l  and expe r imen ta l  paper s  on the hydrodynamics  of l amIna r  liquid f i lms moving 
along sloping su r faces  a re  analyzed.  The Nusse l t  theory  is the asympto t ic  solution of the 
complete  s y s t e m  of Nav ie r -S tokes  equat ions.  

Analys is  of the mot ion of thin liquid f i lms  is of in te res t  both in connection with the theory of a l amin a r  
boundary l aye r  and in connection with a poss ib le  analyt ic  descr ip t ion  of the kinet ics  of heat  and m a s s  t r a n s -  
f e r  in s e v e r a l  absorp t ion  and f rac t ionat ion  s y s t e m s .  Among these a re  var ious  types of f i lm- type  m a s s -  
t r a n s f e r  appara tus :  a b s o r b e r s  with a r egu l a r  ( tubular  or  p lane-para l le l )  packing, wet ted-wal l  f rac t ionat ion 
columns,  e tc .  

The s t eady- s t a t e  mot ion of thin liquid f i lms  can be desc r ibed  by the Navie r -S tokes  equations and the 
continuity equation with boundary conditions ref lec t ing  the adhesion of the liquid to the solid sur face  and 
the balance of the n o r m a l  and tangential  fo rces  at the f i lm su r f ace .  

If  there  is no dynamic in terac t ion  at  the su r face ,  and there  is a m a c r o s c o p i c  balance of the liquid, 
the boundary-va lue  p rob l em  can be wr i t ten  in t e r m s  of d imens ion less  v~r iables :  
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In Eqs .  (1), the d imens ion less  va r i ab les ,  the functions,  and the i r  der iva t ives  do not exceed one in 
o rde r  of magni tude.  They a re  obtained with the help of 
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F i g .  1.  E x p e r i m e n t a l  and  t h e o r e t i c a l  f i l m  

t h i c k n e s s e s  (in m e t e r s )  fo r  v a r i o u s  l i q u i d s .  
1) W a t e r  (the p r e s e n t  e x p e r i m e n t a l  r e s u l t s ) ;  
2) m e t h y l  a l c o h o l  [11]; 37 w a t e r  [11]; 4) i s o -  
p r o p y l  a l c o h o l  [11]; 5) aqueous  s o l u t i o n  of g l y -  
c e r i n e ,  40 voI .  % [11]; 67 aqueous  s o l u t i o n  of 
g l y c e r i n e ,  55 vo l .  % [11]. 

x =  toX, y =h0Y, u(x, y ) = u a v U ( X ,  Y), 
(2) 

2 
v (x, 9) = 0uavV (X, Y), p (x, g) = PuavP (X, Y), h (x) = hoH (x), 

w h e r e  l 0 and  h 0 = h(10) a r e  the s c a l e  l eng th  and  s c a l e  t h i c k n e s s  of the f i l m ,  and  Uav is  the a v e r a g e  f i l m  
v e l o c i t y  a t  the c r o s s  s e c t i o n  x = l 0. In so lv ing  p r o b l e m  (1) we m u s t  add  b o u n d a r y  cond i t i ons  f o r  two va lues  
of X .  At  the beg inn ing  of the f i l m  (X = 0) the l iqu id  f lows out  of a s l i t  of t h i c k n e s s  a,  and  the b o u n d a r y  
cond i t i ons  a r e  

X : 0 ,  U : U o ( Y ) ,  V=-0,  P~-Po, H : a / h o ,  (3) 

w h e r e  U 0 (Y) depends  on the c o n s t r u c t i o n  of the a p p a r a t u s  u s e d  to wet  the w a l l .  The e n t r a n c e  p r o f i l e  U 0 (Y) 
can  be the H a g e n - - P o i s e u i l l e  p r o f i l e ,  the i d e a l - d i s p l a c e m e n t  p r o f i l e  (U 0 -= h0/a) ,  o r  any  i n t e r m e d i a t e  p r o -  
f i l e .  The s e c o n d  b o u n d a r y  cond i t i on  can  be i m p o s e d  on X on ly  a t  X --- co. S ince  th is  cond i t i on  does  not  
fo l low f r o m  the p h y s i c a l  f o r m u l a t i o n  of the p r o b l e m ,  i t  can  be found only  as  the a s y m p t o t i c  s o l u t i o n  of 
p r o b l e m  (1) a t  l a r g e  X, i . e . ,  in the z e r o t h  a p p r o x i m a t i o n  in the s m a l l  p a r a m e t e r  0: 
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The  s o l u t i o n  of p r o b l e m  (4) is  found i m m e d i a t e l y :  

U :  Re [ y I y 2 ~ ,  V ~ 0 ,  P ~ 0 ,  H : I .  (5) 
FF \ 2 ]  

The c o r r e s p o n d i n g  v e l o c i t y  d i s t r i b u t i o n  in a l a m i n a r  l i qu id  f i l m  a t  l a r g e  x is 

u =  g (2hog--g2), v=_O. (6) 
2v 

E q u a t i o n  (67 was  f i r s t  d e r i v e d  by N u s s e l t  [1, 2] a s  the s o l u t i o n  of the m o m e n t u m  ba l a nc e  equa t ion  fo r  v i s -  
cous  and g r a v i t a t i o n a l  f o r c e s  in a d r a i n i n g  f i l m .  

A n a l y s i s  of p r o b l e m  (1) shows  tha t  the N u s s e l t  equa t ion ,  (6), is  the a s y m p t o t i c  s o l u t i o n  of p r o b l e m  
(1) f o r  l a r g e  va lue s  of  x;  in the  i n t e r v a l  0 -< x -< l 0 i t  is  n e c e s s a r y  to s o l v e  (1) wi th  b o u n d a r y  cond i t i ons  (3) 
and  (5) (X = 0 and  X = 1). A l eng th  l 0 can  be d e t e r m i n e d  f r o m  the cond i t i on  

0 ~ 10 -2 ; (7) 

i . e . ,  Eq .  (6) ho lds  wi th in  1% fo r  x > l 0 ~ 10 -2 m ,  s i n c e  h 0 ~ 10 -4 m .  

An  e x p e r i m e n t a l  t e s t  of the N u s s e l t  t h e o r y  invo lves  a t e s t  of c e r t a i n  b a s i c  c o n s e q u e n c e s  of the t heo ry :  

f 3v 2Re \i/3, Us --  1.5. (8) 
h~ = t - - - ~  ) Uav 
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Fig. 2. Exper imenta l  ra t io  of the 
su r f ace  ve loc i ty  to the ave r age  
ve loc i ty  of the f i lm for  va r ious  l i -  
quids. 1) Aqueous solution of d i -  
e thylene glycol,  80 wt.% [12]; 2) d i -  
ethylene glycol,  64 wt.% [12]; 3) 
g lycer ine ,  75 wt.% [13]o 

Significant deviat ions f r o m  (8)have  been obse rved  in s e v e r a l  expe r imen t s  [3-5]; p r i m a r i l y ,  a change 
in the f i lm thickness  in the longitudinal d i rec t ion has been obse rved .  The exist ing theore t ica l  work  [6, 7] 
on this ef fec t  is hardly  of p rac t i ca l  value because  of the ambigui ty  in the boundary condit ions.  

The veloci ty dis t r ibut ion in the initial  pa r t  of the f i lm (0 -< x _< 10) is of only theore t ica l  in te res t  [8] 
because  this pa r t  of the f i lm is so  short ;  the solution of this pa r t  of the p rob lem can be found a r b i t r a r i l y  
accu ra t e ly  through the use  of the in tegra l  method desc r ibed  in [18]. Boundary value p rob lem (1) was solved 
through an expansion of the functions in powers  of two smal l  p a r a m e t e r s  [10]: 

= [  0 ~1/2 
el ~ - ~ e ]  ' % = (0Fr)l;2" (9) 

The resul t ing  solution ag ree s  within 0.1% with (6). The theore t ica l  e s t ima te  in (7) has been conf i rmed by 
exper imen t s  [9], where  it was shown that  l 0 < 0.02 m.  

We have now c a r r i e d  out an expe r imen ta l  tes t  of this theory,  using an expe r imen ta l  appara tus  in 
which a l amina r  f i lm of dis t i l led wa te r  flows along a ve r t i ca l  smooth g lass  sur face  0.5 m wide and 2 m 
long. In the initial  pa r t  of the f i lm the wa te r  flows out of a ca l ib ra ted  sl i t ,  and the wetting density is con- 
s tant  ove r  the width of the f i lm.  The f i lm thickness  is m e a s u r e d  within 10 -6 m by a probe method.  The 
f i lm thickness  is m e a s u r e d  at s e v e r a l  d is tances  f r o m  the beginning of the f i lm,  over  the i n t e r v a l 0 . 1 5 - - 1 . 2  
m,  for  Reynolds numbers  0 .7 - -2 .  At Re > 2, waves  appear  at  the f i lm su r f ace .  These  exper imen t s  
showed that the thickness of the f i lm is constant  ove r  its length, in complete  a g r e e m e n t  with the analogous 
resu l t s  [11] for  water ,  methyl  and isopropyl  alcohol,  and aqueous solutions of g lycer ine .  The exper imen ta l  
and theore t ica l  f i lm th icknesses  a re  com pa red  in Fig .  1. Sta t i s t ica l  ana lys is  of these resu l t s  yields 

he/h o ~ 1.02 • 0,02. (10) 

The theory can a lso  be tes ted  by m e a s u r i n g  the ra t io  of the sur face  veloci ty to the average  velocity 
[12, 13]; the cor responding  re su l t s  a re  shown in Fig .  2. Sta t i s t ica l  ana lys is  of these resu l t s  yields 

Us/Uav= 1.50 + 0.03. 

F r o m  Eqs .  (10) and (11) we see that there  is a good a g r e e m e n t  between theory and exper iment ,  as 
other  expe r imen ta l i s t s  have found [14, 15]. 

This  theore t ica l  and expe r imen ta l  ana lys is  of the flow of l amina r  liquid f i lms demons t ra t e s  the ac -  
curacy  and range of appl icabi l i ty  of the Nusse l t  theory,  as ver i f ied  by the expe r imen t s  of s e v e r a l  inves t i -  
ga to r s .  All the exper imenta l ly  obse rved  deviations f r o m  this theory  a re  secondary  ef fec ts ,  whieh can be 
a t t r ibuted to su r f aee - ae t i ve  subs tances  [16], gas motion [17], waves [18], e tc .  The accuracy  of the equa-  
tions for  the veloeity dis t r ibut ion [6] is comple te ly  adequate for  calculat ing the kinetics of heat  and m a s s  
t r a n s f e r  in l amina r  liquid f i lms .  

NOTATION 

g) a c c e l e r a t i o n  due to grav i ty ,  m/sec2; h ( x ) ) l o c a l  f i lm thickness ,  m;  h0)f i lm th ickness ,  m; he) 
expe r imen ta l  f i lm thickness ,  m; 10) f i lm thickness ,  m; p(x ,  y)) p r e s s u r e ,  N/m2; u(x,  y)) veloci ty com-  
ponent in the longitudinal direct ion,  m / s e c ;  Uav) ave rage  f i lm velocity,  gh0/3u, m / s e c ;  us) veloci ty a t  the 
f i lm sur face ,  gh0/2u , m / s e c ;  v(x,  y)) t r a n s v e r s e  veloci ty component ,  m / s e c ;  x) longi tudinal  coordinate ,  
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me a su re d  f rom the top cross  section of the column, m; y) t r ansve r se  coordinate,  measu red  normal ly  f rom 
the solid surface  into the in te r ior  of the liquid fi lm, m; F) wetting density,  m2/sec;  0) dimensionless  
p a r a m e t e r ,  equal to ho/lo; v) kinematic  viscosi ty ,  m2/sec;  p) density of liquid, kg/m3; ~) surface tension 
at  the liquid--gas in terface ,  N/m;  Fr) Froude number ,  Uav/gho; Re) Reynolds number ,  F/v = uavho/v; 
We) Weber  number ,  puavho/a.  
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